Introduction
Bhaskar and LakshmiKantham [2] initiated the notion of coupled fixed point and they proved some coupled fixed point theorems in standard metric spaces. Then after, many authors formulated and studied some coupled fixed point theorems, for examples see [2, 3, 4, 5, 6] . The notion of b-metric spaces was introduced by Czerwik [1] as a generalization of standard metric spaces.
We begin with the definition of b-metric spaces:
Definition 1.1.
[1] Let X be a nonempty set and s ≥ 1 be a given real number. A function d : X × X → R + is a b-metric iff ∀x, y, z ∈ X the following conditions hold (b1) d(x, y) = 0 iff x = y, Definition 1.2. [7] Let (X, d) be a metric space. Then the sequence (x n ) in X converges to an element x ∈ X , if ∀ ǫ > 0 , ∃ k ∈ N such that:
A metric space is called complete if every Cauchy sequence converges to an element in the same metric space. Definition 1.5. [2] An element (x,y) ∈ X × X is called a coupled fixed point of a mapping F : X × X −→ X if F (x, y) = x and F (y, x) = y. Definition 1.6. [4] An element (x,y) ∈ X × X is called a coupled coincidence point of the mappings F : X × X −→ X and g : X −→ X if F (x, y) = gx and F (y, x) = gy. Definition 1.7.
[4] An element (x,y) ∈ X × X is called a coupled fixed point of the mappings F : X × X −→ X and g : X −→ X if F (x, y) = gx = x and F (y, x) = gy = y. Definition 1.8. [4] Let X be a nonempty set. Then we say that the mappings F : X × X −→ X and g : X −→ X are commutative if gF (x, y) = F (gx, gy).
Main Results
We start our results with the following coupled fixed point theorem.
Theorem 2.1. Let (X, d) be a complete b-metric space with constant s ≥ 1. Let F : X × X −→ X and g : X −→ X be two mappings on X. Suppose there exist nonnegative constants α i : i = 1, 2, ..., 10 such that
holds for all x, y, u , v ∈ X. Also suppose the following conditions:
.
Then F and g have a coupled coincidence point. In addition, if F and g are weakly compatible, then F and g have a unique coupled fixed point. Moreover,
for any x 1 ∈ X, the sequence {x n } defined by g(x n+1 ) = F (x n , x n ) converges to the common fixed point of F and g.
Continuing this process we obtain a sequence (y n ) in g(X), such that
which implies that
we have
Therefore, we obtain
Let us set r = (α 1 + α 2 + α 3 + α 4 + sα 9 + sα 10 ) (1 − α 5 − α 6 − sα 9 − sα 10 ) .
Since sr = (sα 1 + sα 2 + sα 3 + sα 4 + s 2 α 9 + s 2 α 10 ) (1 − α 5 − α 6 − sα 9 − sα 10 ) < 1 and r ≤ sr, we get r < 1, then
Again,
So, we get
which leads us to d(gx n , gx n+1 ) ≤ rd(gx n−1 , gx n ).
Repeating (1) and (2), n times, we get
Given n, m ∈ N , with m > n. Then
From (3), we get
Since r n −→ 0 as n −→ +∞, we get that
We shall show that (u, u) is a coupled coincidence point of F and g.
Note that d(gu, F (u, u)) ≤ sd((gu, gx n+1 ) + d(gx n+1 , F (u, u))). Letting n −→ +∞ in above inequality we get
Also,
Again, note that
Letting n −→ +∞ in above inequality, we get
Letting n −→ +∞ in (4) and using (5), (6) and (7), we get 1
Since (sα 5 + sα 6 + s 2 α 9 + s 2 α 10 < 1), we get d(gu, F (u, u)) = 0. Hence gu = F (u, u). Hence (u, u) is a coupled coincidence point of F and g.
To prove the uniqueness of the coupled coincidence point (u, u), assume that (v, v) is a coupled coincidence point of F and g. Then
which implies that d(gu, gv) ≤ (α 1 + α 2 + α 7 + α 8 + α 9 + α 10 )d(gu, gv). Since (α 1 + α 2 + α 7 + α 8 + α 9 + α 10 ) < 1, then d(gu, gv) = 0. So gu = gv. Hence (u, u) is the unique coupled coincidence point of F and g. Now, suppose that F and g are weakly compatible. Then g(F (u, u)) = F (gu, gu).
So, (w, w) is a coupled coincidence point of F and g. Therefore gw = gu.
Hance gw = w and F (w, w) = gw = w. So (w, w) is a coupled fixed point of F and g. 
holds for all x, y, u , v ∈ X. If sα 1 + sα 2 + sα 3 + sα 4 + α 5 + α 6 + α 7 + α 8 + (s 2 + s)α 9 + (s 2 + s)α 10 < 1, then F has a unique coupled fixed point.
Proof. It follows from Theorem 2.1 by taking g = Id x the identity mapping. holds for all x, y, u , v ∈ X. If α 1 + α 2 + α 3 + α 4 + α 5 + α 6 + α 7 + α 8 + 2α 9 + 2α 10 < 1, then F has a unique coupled fixed point.
Proof. It follows from Corollary 2.1 by noting that d is a b-metric space with s = 1.
